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The main purpose of this paper is to summarize the basic ingredients, illustrated 
with examples, of a pseudoholomorphic curve theory for symplectic 4-orbifolds. 
These are extensions of relevant work of Gromov, McDuff and Taubes on symplectic 
4-manifolds concerning pseudoholomorphic curves and Seiberg-Witten theory (cf. 
[111131123 EHUD. They form the technical backbone of HHTUI where it was shown 
that a symplectic s-cobordism of elliptic 3-manifolds (with a canonical contact 
structure on the boundary) is smoothly a product. We believe that this theory has 
a broader interest and may find applications in other problems. One interesting 
feature is that existence of pseudoholomorphic curves gives certain restrictions on 
the singular points of the 4-orbifold contained by the pseudoholomorphic curves. 

There are four sections. The first one is concerned with the Fredholm theory 
for pseudoholomorphic curves in symplectic orbifolds, which is based on the the- 
ory of maps of orbifolds developed in [Hj, particularly the topological structure of 
the corresponding mapping spaces. In the second section, we discuss the orbifold 
version of adjunction formula and a formula expressing the intersection number of 
two distinct pseudoholomorphic curves in terms of contributions from each point in 
the intersection. Unlike the manifold case, the contribution from a singular point 
may not be integral, but it can be determined from the local structure of the pseu- 
doholomorphic curves near the singular point, which is important in applications. 
The third section is occupied by a brief summary of the Seiberg-Witten theory 
for smooth 4-orbifolds and a discussion on the orbifold analog of the theorems of 
Taubes concerning existence of pseudoholomorphic curves. We also include here an 
example to illustrate how a combination of the various ingredients is put into use. 
In the last section, we discuss some applications and work in progress. 

1 Moduli space of pseudoholomorphic maps 

We begin with a brief review on the theory of maps of orbifolds developed in 
[SJ. (For an earlier version of this work, see [7].) 
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First of all, we recall the definition of (smooth) orbifolds from Satake ( see 
also [213 )■ Let X be a paracompact, Hausdorff space. An n-dimensional orbifold 
structure on X is given by an atlas of local charts U, where U = {Ui\i £ 1} is an 
open cover of X satisfying the following condition. 

(*) For any p G {/, n Uj, U i: Ui G U, there is a U k € U such that p e U k C UiCiUj. 

Moreover, (1) for each Ui G U, there exists a triple (Vi, Gi, 7Tj), called a local 
uniformizing system, where Vi is an n-dimensional smooth manifold, Gi is a finite 
group acting smoothly and effectively on Vi, and m : Vi — ► £/j is a continuous 
map inducing a homeomorphism [/j = Vi/Gi, (2) for each pair Ui,Uj € U with 
?7j C C/j, there is a set Inj(Ui, Uj) — {(</>, A)}, whose elements are called injections, 
where (f> : — ► Vj -is a smooth open embedding and A : G; — * Gj is an injective 
homomorphism, such that (f> is A-equivariant and satisfies 7T; = 7Tj o <^>, and G^ x Gj 
acts transitively on Inj(Ui, Uj) by 

Cff,5')-to A) = (g'o^og-^Adig'^XoAdig- 1 ))^ e G i)9 ' € G„ (</>, A) e Inj^Uj), 

(3) the injections are closed under composition for any Ui,Uj,U k € U with f/j C 
^ C C/ fc . 

Notice that for any refinement of U satisfying (*), there is an induced orbifold 
structure on X. Two orbifold structures on X are called equivalent if they induce 
isomorphic orbifold structures. With the preceding understood, an orbifold is a 
paracompact, Hausdorff space with an equivalence class of orbifold structures. One 
can similarly define orbifolds with boundary, fiber bundles over orbifolds, etc. See 
[%2~] for more details. 

Let X be an orbifold, and U be an orbifold structure on X. One may assume 
without loss of generality that for any p E X, there is a U p 6 U centered at p in the 
sense that in the corresponding local uniformizing system (V^,G p ,7r p ), V p C M" is 
an open ball centered at with 7r p (0) = p and G p acts linearly on V p . The group 
G p is called the isotropy group at p, and p G X is called a singular (resp. smooth) 
point if G p 7^ {e} (resp. G p = {e}). 

Example 1.1 A natural class of orbifolds is provided by the global quotients 
X = Y/G, where Y is a smooth manifold and G is a discrete group acting smoothly 
and effectively on Y with only finite isotropy. Such orbifolds are called "good" 
orbifolds in Thurston |54| . 

For example, consider the orbifold X = § 2 /Z„, where § 2 C R 3 is the unit 
sphere, and the Z„-action is generated by a rotation of angle 2-k/ti about the z- 
axis. There are two singular points in X, the "north pole" and the "south pole", 
which are the orbits of (0, 0, 1) and (0, 0, — f ) under the Z ra -action respectively, both 
having isotropy group Z„. 

Not every orbifold is good. For example, consider the "tear-drop" orbifold in 
Thurston |54| . where the space X = § 2 , and the orbifold has only one singular 
point p such that a local uniformizing system centered at p is given by (D,Z n ,7r), 
where D C C is a disc centered at 0, the action of Z ra is generated by a rotation of 
angle 27r/n, and ir(z) = z n ,\/z £ D. 

Both orbifolds, § 2 /Z ra and the "tear-drop" orbifold, are examples of orbifold 
Riemann surfaces. A general orbifold Riemann surface is an orbifold where the 
underlying space is a Riemann surface and the orbifold has finitely many singular 
points, each having a local uniformizing system defined as in the case of the "tear- 
drop" orbifold above. □ 
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The concept of orbifold was introduced by Satake 02| under the name "V- 
manifold" , where orbifolds were perceived as a class of singular spaces to which 
the usual differential geometry on smooth manifolds can be suitably extended by 
working locally and equivariantly on each local uniformizing system. For example, 
a differential form on an orbifold is a family of cquivariant differential forms on 
the local uniformizing systems which are compatible under the injections. The 
concept was later rediscovered by Thurston |54j , who also invented the more popular 
name "orbifold". Thurston was more concerned with the topological aspects of 
orbifolds. For instance, Thurston introduced through a novel covering theory the 
important concept of orbifold fundamental group, which is different from the usual 
fundamental group. For example, the orbifold fundamental groups of S 2 /Z„ and 
the "tear-drop" orbifold in Example 1.1 are Z„ and the trivial group respectively, 
even though both orbifolds have the same underlying space § 2 . Orbifolds can be 
defined equivalently using the categorical language of etale topological groupoids, 
where the orbifold fundamental group may be interpreted as the fundamental group 
of an etale topological groupoid (cf. eg. [2T1I5|'). 

Despite the fact that the concept of orbifold was extensively used in the litera- 
ture, there has not been a well- developed, satisfactory theory of maps for orbifolds. 
The notion of maps that has been used mostly in the literature, which is usually 
called a C°° map (sometime it is called an orbifold map), is essentially the notion 
of V- manifold map introduced by Satake in 1 12| , which is roughly speaking a con- 
tinuous map that can be locally lifted to a smooth map between local uniformizing 
systems. Although such a notion of maps is sufficient for the purpose of defining 
diffeomorphisms of orbifolds, or defining sections of an orbifold vector bundle, etc., 
cf. Remark 1.7 (3) below, it has serious drawbacks in the fact that the space of 
maps does not have a well-understood topological structure in general, and that it 
is not compatible with the distinct topological structure of orbifolds discovered by 
Thurston which we alluded to earlier. On the other hand, the topological aspect of 
orbifolds has been dealt with mainly through the classifying spaces of topological 
groupoids (cf. eg. |21|h rather than building upon a satisfactory theory of maps as 
we do in the manifold case. 

With the preceding understood, we now turn to the theory of maps of orb- 
ifolds developed in [S] . The main advantage of this theory lies in the fact that it 
accommodates at the same time both the differential geometric and the topolog- 
ical aspects of orbifolds. More concretely, in Part I of |H|, it was shown that the 
space of maps in this theory has a natural infinite dimensional orbifold structure, 
hence it is amenable to techniques of differential geometry and global analysis on 
orbifolds. On the other hand, in Part II of [5], a basic homotopy theory and an 
analog of CW-complex theory were developed (based upon the use of maps rather 
than classifying spaces), which provide a machinery for studying homotopy class 
of maps between orbifolds, and substantially extend the existing homotopy theory 
defined via classifying spaces of topological groupoids (cf. [2*T| . compare also |37|). 

The theory of maps in [5] was developed in the more general context of or- 
bispaces which are generalizations of orbifolds. For technical reason we adopted a 
modified formalism, cf. Remark 1.7 (4) below. 

Definition 1.2 (See 8 , also |J]) Let X be a locally connected topological space. 
An 'orbispace structure ' on X is given by an atlas of local charts U, where U = 
{Ui\i € 1} is an open cover of X which satisfies the following condition. 



4 



Weimin Chen 



(f/=) Each Ui G U is connected, and for any Ui G U, a connected open subset of 
Ui is also an element o/U. 

Moreover, 

• for each Ui G U, there is a triple (JJi,Gu i ,'KUi)} where Ui is a locally con- 
nected and connected topological space with a continuous left action of a 
discrete group G\j i , and ■Kjj i : Ui — ► Ui is a continuous map inducing a 
homeomorphism Ui/Gjj i = Ui, 

• there exists a family of discrete sets 

T = {T(Ui, Uj)\Ui, Uj S U such that U t n Uj + 0} 
which obeys 

— T{Ui,Ui) = Gui, and for any i ^ j, if we let {W u \u G 7y} be the 
set of connected components of Ui fl Uj, then there are discrete sets 
Tw u (Ui, Uj) such that T(U~i, Uj) = U ue i i;l Tw u (Ui, Uj). 

— Each £ G Tyy u {Ui,Uj) is assigned with a homeomorphism <f>£, whose 
domain and range are connected components of the inverse image of 
W u in Ui and Uj respectively, such that ^Ui\D orna i n (4> ) = ^Uj ° 

For each £ G T(Ui,Ui) = G^, (f>^ is the self -homeomorphism of Ui 
induced by the action of £. 

— For any £ G T(Ui,Uj), i] G T(Uj,Uk), and any x G Domain 
such that (f>^(x) G Domain (4>n), there exists an r\ o ^(x) G T(Ui,Uk) 
such that <firj (;(x)(%) = ( Pn( < t'c( x )) ■ Moreover, x i— > 7] o is Zo- 
ca% constant, and the composition (£,T]) <— > r] o £(x) is associative 
and coincides with the group multiplication in G\j i when restricted to 
T(U i ,U i ) = G Ui . 

— Each £ G T(Ui, Uj) has an inverse G T(Uj, Ui), with Domain (</>^) = 
Range((f>£-i), Domain (tfi^-i) — Range (</>{), and o £(x) = e G 
Gjj^x G Domain (<p^), £ o £ _1 (x) = e G Gu^x G Domain (^-i). 

For any refinement o/U satisfying (#), i/iere is an induced orbispace structure 
on X . Two orbispace structures on X are called 'eguivalent ' if they induce isomor- 
phic orbispace structures. Finally, an 'orbispace ' is a locally connected topological 
space with an orbispace structure, which is uniguely determined up to equivalence. 

Remark 1.3 (1) The orbifolds in are denned in the formalism of Definition 
1.2. They differ from those defined in Satake 02j m two aspects. The first one 
which is more essential is that the group action in a local uniformizing system is 
no longer required to be effective in An orbifold in the classical sense (ie. the 
local group actions are effective) is called 'reduced' (cf. ^3]). The second aspect 
is the technical requirement that for any Ui, Uj G U in the atlas of local charts, a 
connected component of Ui H Uj is also an element of U (note that T(Ui, Uj), which 
corresponds to Inj(Ui, Uj) in Satake's formalism when Ui C Uj, is defined as long 
as Ui n Uj 0). This technical assumption can always be met by replacing U with 
a refinement of U which defines an equivalent orbifold structure (cf. Proposition 
2.1.3, Part I of jHj). 

(2) The orbispaces in the sense of Definition 1.2 belong to a restricted class of 
orbispaces in Haefliger [22], which were defined using the language of etale topo- 
logical groupoids. To be more precise, if we interpret the orbispace structures in 
Definition 1.2 in terms of etale topological groupoids, the formalism of Definition 
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1.2 (which is a modified version of Satake's) requires the corresponding etale topo- 
logical groupoids to satisfy some additional conditions (ie. the conditions (CI), 
(C2) in Part I of |B])- Moreover, simple examples show that these conditions are 
not preserved under the Morita equivalence of topological groupoids. Besides orb- 
ifolds, it is known that global quotient orbispaces X = Y/G (where Y is a locally 
connected topological space and G is a discrete group) and the orbihedra defined 
in satisfy the conditions of Definition 1.2. See |S] for more details. □ 

Let X, X' be any orbispaces in the sense of Definition 1.2, with orbispace struc- 
tures U, U' respectively. In order to define maps between X and X' , we consider 
sets of data ({f a }, {ppa}) (which will be called a 'compatible system' below), where 

• there is an open cover {U a } of X with U a G U, and a correspondence 

u a ^u a ev', _ 

• each f a : U a — ► U' a is a continuous map, and each pp a : T(U a ,Up) — > 
T{U' a ,U'p) is a mapping of discrete sets, such that 

( a ) 'AWO ° fa( x ) = fa <Pd x ) for am/ a ^-> where £ G T(U a ,Up), x G 
Domain (4>{). 

(b) p ia (r\ o £(x)) = p-tpiv) ° Pf3a(Cj(f a (x)) for any a,/?, 7, where £ G 
T(U a ,U ), v e T(U ,U y ), x G ^(Domain (0,,)). (Note: / a (x) G 
t/T^ 1 ^ (Domain (<t>p^ (ri)), which follows from (a) and the assumption 
that x G (Domain (4> v )).) 

(Observe that if set p a = p aa : Gu a — > GV^, then condition (b) above 
implies that p a is a homomorphism and condition (a) above implies that f a 
is /3 Q -equi variant.) 

One can introduce an equivalence relation between compatible systems as fol- 
lows. Suppose ({f a }, {Pba}) is another compatible system. We say that ({/«}, {pba}) 
is 'induced' from ({f a }, {ppa}), if there exists a set of data (0, {£ a }, {^}), where 
: a 1— > a is a mapping of indices satisfying [7 C Ug^, and £ a G T(U a ,Ug/ a \), 
£ a &T(U' a ,U' e(a) ), such that 

• /a = (^Ci) -1 /e(o) 0£ o > and 

• Pba(?7) = (CO -1 Pe(b)e(a)(9(v)) °£' a ( x ), ^ x G /a (Domain^,,) ) , where 61(77) = 
6 7 7 £a e T (Ue(a), U 9 (b)), G 0£ o (Domain (<£„)). 

Definition 1.4 (5ee 8 , afeo |7j) Two compatible systems are said to be 'equiv- 
alent' if they induce a common compatible system. 

A map between two orbispaces is defined to be an equivalence class of compat- 
ible systems in the sense of Definition 1.4. (It is shown in [H] that the relation in 
Definition 1.4 is indeed an equivalence relation.) With such a notion of maps it is 
shown in [H] that the set of orbispaces in the sense of Definition 1.2 form a category. 
Observe that a map / : X — > X' between orbispaces induces a continuous map be- 
tween the underlying topological spaces, which, when X, X' are reduced orbifolds 
and / is smooth, is a V-manifold map of Satake 021 • We denote by the 
space of maps between X and X' . Notice that [X; X'] is uniquely determined up 
to a bijection by the equivalence class of orbispace structures on X, X'. 

The central result in Part I of [HI , which is also the technical foundation for the 
subsequent development in Part II of (Kj, is the following structural theorem. 
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Theorem 1.5 Let X,X' be any orbispaces with orbispace structures U,U' 
respectively. Then [X;X'] is naturally an orbispace in the sense of Haefliger 22 , 
provided that the following conditions are satisfied by X : 

(1) the underlying topological space is paracompact, locally compact and Haus- 
dorff, 

(2) the orbispace structure U obeys: for each U G U, the space U is locally 
compact and Hausdorff, and ttu : U — > U is proper. 

Specializing in the case of orbifolds, we have the following theorem. Here 
[X; X'] r denotes the space of C r maps between smooth orbifolds X and X', where 
a C r map is the equivalence class of a compatible system ({/ Q }, {p/3a}) such that 
each f a is a C r map between smooth manifolds. 

Theorem 1.6 Let X,X' be smooth orbifolds where X is compact and con- 
nected. Then [X;X'] r is naturally a Banach orbifold (Hausdorff and second count- 
able), such that at any f £ [X;X'] r , there is a uniformizing system (Vf,Gf), where 
Vf is an open ball centered at in the space of C r sections of f*(TX'), and Gf 
acts on Vf linearly. Moreover, for any f £ [X;X'] r and any point p in the image 
of f, Gf is naturally a subgroup of the isotropy group G p at p. In particular, a C r 
map is a smooth point in [X; X'] r if its image contains a smooth point of X' . 

Remark 1.7 (1) In Theorem 1.6, the orbifolds X, X' are not necessarily re- 
duced, and X can be more generally an orbifold with boundary. For any C r map 
/ : X — » X' and orbifold vector bundle E over X', the pull-back bundle of E via 
/, which is denoted by f*E, is well-defined as a C r orbifold vector bundle up to 
isomorphisms. Finally, by the image of a map between orbifolds, we always mean 
the image of the induced continuous map between the underlying spaces. 

(2) A Banach orbifold is the straightforward generalization (ie., not in the 
modified formalism of Definition 1.2) of Satake's orbifolds to the infinite dimensional 
setting, except that the group action on each local uniformizing system is not 
required to be effective. In particular, the action of Gf in Theorem 1.6 may not be 
effective in general. 

(3) Suppose both X, X' are reduced. Let /" be any V-manifold map from X 
to X' such that the inverse image of the smooth locus of X 1 is dense in X. Then 
f^ uniquely determines a map / : X — ► X' of orbifolds as follows. Pick any set 
of local liftings {f a } of / b , there is a uniquely determined set of mappings {ppa} 
such that ({f a }, {ppa}) form a compatible system, whose equivalence class is easily 
seen to depend on f b only (cf. [T3*|). This perhaps explains why the notion of 
V-manifold map is sufficient as far as only diffcomorphisms of orbifolds or sections 
of an orbifold vector bundle are concerned. 

(4) The notion of maps in [H] has its root in the construction of Gromov-Wittcn 
invariants of symplectic orbifolds in |13| , where the main technical obstacle was the 
fact that the notion of V-manifold map is not sufficient to define pull-back bundles. 
The notion of compatible systems 1 was introduced in |13| as a device to define pull- 
back bundles, and a V-manifold map was called a 'good map' in p^l if it supports 
such a compatible system. Moreover, two compatible systems in pj] were defined to 
be 'isomorphic' if they define isomorphic pull-back bundles. For reduced orbifolds, 

1 We would like to point out that the present definition of compatible systems, which relies 
on the modified definition of orbifolds in Definition 1.2, is different from that in 1131 . and this 
modified formalism (along with Definition 1.4) is crucial in proving Theorems 1.5 and 1.6. 
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one can show that this somewhat indirect, implicit definition is actually equivalent 
to the direct, more explicitly defined one in Definition 1.4, due to the fact explained 
in Remark 1.7 (3) above. The bottom line is: The Gromov-Witten invariants based 
on [H] are the same as those defined in However, the treatment in J2j was ad 
hoc in nature and can be substantially simplified in the framework of 

(5) In terms of etale topological groupoids, a compatible system may be in- 
terpreted as a groupoid homomorphism, and a map between orbispaces in jS] may 
be regarded as a groupoid homomorphism modulo certain Morita equivalence of 
topological groupoids. There are several related notions of maps in the literature, 
see Haefliger [3D], Hilsum-Skandalis Pronk 0T], and Abramovich-Vistoli £Q (in 
the context of Deligne-Mumford stacks). Compare also [37]. □ 

We illustrate Theorem 1.6 with the following example. 

Example 1.8 Let X = Y/G and X' = Y'/G', where Y is compact and 
connected, and G, G' are finite. (Here the actions of G, G 1 are not assumed to be 
effective). Consider 

[(Y, G); (Y', G')] r = {(/, p)\f : Y Y' a p-equiv. C r map, p : G -> G' a homo.} 
which is a Banach manifold with a smooth action of G' defined by 

g ■ (f, p) = (g o /, Mia) ° pi v.g e G', (/, p) g [(y, G) ; (y', g')Y- 

Note that each (f,p) G [(Y, G); (Y' , G')] r is naturally a compatible system. With 
this understood, the correspondence 

(/>p) the equivalence class of (/,p) in [X;X'] r 

identifies the Banach orbifold \{Y, G); (Y', G')] r /G' as an open and closed subspace 
of [X;X'] r , which is a proper subspace in general when 7i"i(Y) is nontrivial. (In 
fact, each / G [X; X'] r induces a homomorphism /* : n° (X) — > TT^ rb (X') between 
orbifold fundamental groups, and / G [(Y, G); (Y', G')] r /G' iff /*(tti(Y)) C tt^Y').) 

A regular neighborhood of (f,p) in [(Y, G); (Y',G')] r can be described as fol- 
lows. Note that there is a G-bundle ^ — » Y which is the pull-back of TY' by 

(/, p). Let V,f p s be a sufficiently small open ball centered at the origin in the space 

of G-sections of E,f p s of C r class. The isotropy subgroup Grf \ at (/, p), which 

consists of g G G' such that 5 • f(p) — f(p), gp{h) — p{h)g for all p G Y and /i G G, 
acts linearly on p ^ by 

g . s = gos, Vg G G (/ - p) , s G V ( j» )p) . 

With this understood, a regular neighborhood of (/, p) can be identified with V,t s 
via the G^ p ^-equi variant map defined by 

s(p) i-> (exp^ (p) s(p), p), where p G Y, s G V ( ^ p) . 

In other words, (V,f y %) is a uniformizing system at the image of (/, p) in 
[X; X'] r . 

Finally, observe that G,t p s is a subgroup of the isotropy subgroup at f(p) for 
any p G Y. □ 

With these preparations, we now discuss the Fredholm theory for pseudoholo- 
morphic curves in symplectic orbifolds. 
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Definition 1.9 (1) A symplectic structure on an orbijold X is a closed, non- 
degenerate 2-forra u>, which is given by a family of closed, non- degenerate 2-forms 
{uji} on Vi for each local uniformizing system (Vi, Gi, 7Tj), which are equivariant 
under the local group actions and compatible with respect to the injections. 

(2) An almost complex structure on an orbifold X is an endomorphism J : 
TX -> TX with J 2 = -I, which is given by a family of endomorphisms {Ji : 
TVi — > TVi} with Jf = — 1 for each local uniformizing system (Vi,Gi,ni), which 
are equivariant under the local group actions and compatible with respect to the 
injections. Let w be any symplectic structure on X. An almost complex structure 
J is called w- compatible if u)(-, J-) defines a Riemannian metric on X . 

(We remark that when X = Y/G is a global quotient by a finite group, a 
symplectic (resp. almost complex) structure on the orbifold X is given by a G- 
equivariant symplectic (resp. almost complex) structure on Y. ) 

As for the general setup, let (X, ui) be a closed, reduced symplectic orbifold and 
J be a fixed w-compatible almost complex structure on X. We will be considering 
J-holomorphic maps (always assuming nonconstant, ie. the image does not consist 
of a single point) from an orbifold Ricmann surface (X,j) into (X, J). (A map 
/ : X — ► X is called J-holomorphic if each f a in a corresponding compatible system 
is J-holomorphic, ie., df a +J a odf a oj a = 0.) Here an additional assumption is made 
that each homomorphism p a = p aa in the compatible systems of a J-holomorphic 
map is injective. However, we do not assume that the orbifold Ricmann surface £ is 
reduced. Furthermore, we will adopt the following convention for £: a point z € £ 
where the isotropy group G z acts trivially is called a 'regular point'; otherwise, it 
is called an 'orbifold point'. 

The most relevant information concerning a J-holomorphic map is its local 
structure at each point. More precisely, let / : £ — ► X be a J-holomorphic map, let 
z G £, p e X such that f{z) = p, and let (D Z ,G Z ), (V p , G p ) be local uniformizing 
systems at z, p respectively. (Note that when £ is not reduced, G z can be any finite 
group in general.) Then / determines a germ of pairs (f z , p z ), where p z : G z — > G p is 
an injective homomorphism, and f z : D z —* V p is ,o z -equivariant and J-holomorphic. 
Moreover, (f z ,p z ) is unique up to a change (f z , p z ) ^> (g o f z , Ad(g) o p z ) for some 
g G G p . We will call (f z ,p z ) a 'local representative' of / at z. 

With Theorem 1.6, the Fredholm theory in the orbifold setting is in complete 
analogy with that in the smooth setting. We shall illustrate it by considering the 
case where X has at most isolated singularities, which suffices for most of the 
applications in dimension 4. Notice that in this case the orbifold Riemann surface 
E is necessarily reduced by our assumptions. 

Fixing a sufficiently large r > 0, we consider the space [£; X] r , which, under the 
assumption on X, may be regarded as a Banach manifold because each nonconstant 
J-holomorphic map from £ to X contains a smooth point of X in its image, hence 
is a smooth point in [£; X] r by Theorem 1.6. On the other hand, it is easily seen 
that the space J r of w-compatible almost complex structures of C r class is always a 
Banach manifold, with the tangent space at J <E J r being the space of C r sections 
A of the orbifold vector bundle End TX, which obeys (1) AJ + JA = 0, (2) A 1 = A. 
(Here the transpose A 1 is taken with respect to w(-, J-).) 

We also need to consider the moduli space of complex structures on the orbifold 
Riemann surface £, which can be identified with the moduli space of complex 



Pseudoholomorphic curves in four-orbifolds and some applications 



9 



structures on the corresponding marked Riemann surface (with the orbifold points 
being the marked points), cf. |13| . For simplicity, we assume E is an orbifold 
Riemann sphere of k < 3 orbifold points. Then E has a unique complex structure 
j with a (6 — 2fc)-dimensional automorphism group G. 

Now for any (/, J) £ [E;X]' r x J' r , let ~E(fj) be the space of C r ~ 1 sections s 
of the orbifold bundle Hom(TE, f*(TX)) such'that so j = - Jo s. Then there is 
a Banach bundle E — > [E; X] r x J r whose fiber at (/, J) is E(j n. The zero set of 
L : [E; X] r x J r — ► E, where 

L{f, J)=df + Jodfoj, 

consists of pairs (/, J) such that / is J-holomorphic. We set 

M = {(/, J)|(/, J) er'fO),/ is not multiply covered}, 

and for any J £ J' , set Mj = {/|(/, J) € M}. (Here we say / is not multiply 
covered if the induced map is not multiply covered.) The following lemma follows 
by the same analysis as in the manifold case (cf. eg. J3B]) with an application of 
the Sard-Smale theorem |43) . 

Lemma 1.10 The subspace M C [E;X] r x J r is a Banach submanifold, and for 
a generic J £ 3 r which may be chosen smooth, Mj is a smooth, finite dimensional 
manifold. 

The dimension of Mj can be calculated using Kawasaki's orbifold index the- 
orem [23, see also Lemma 3.2.4 in ^3]- We state the formula here for the case 
where dim X — 4 (and E is a reduced orbifold Riemann sphere with k < 3 orbifold 
points). Let / £ Mj and let z% £ E be the orbifold points with orders nij. Suppose 
in a local representative (fz^Pzi) '■ {Di,1 mi ) — > (Vj,Gi) of / at z$, the action of 
Pzifami) on Vi (here /i m = exp(V 3 Tf^)) is given by 

PziiUmi) ■ (wi,w 2 ) = K'^i,/!™!' 2 ^), < m if i,mi t 2 < m,. 
Then dimMj = 2d at / where 

d = ci(TX) • /.([E]) + 2 - V m ' 4 + m '' 2 £ Z. 

The automorphism group G of the complex structure j on E acts smoothly 
on Mj (see the end of §3.3 in Part I of [5] for a general discussion), which is free 
because the maps in Mj are not multiply covered. Consequently, Mj = Mj/G is 
also a smooth manifold with dimMj = dimMj — (6 — 2k). 

It is well-known that in the smooth case, Lemma 1.10 implies nonexistence of 
certain J-holomorphic curves in a symplectic 4-manifold when J is chosen generic. 
For instance, there exists no embedded J-holomorphic 2-sphere C with C 2 = —2 
and J generic. We will see that this is no longer true if there is a finite group 
action and J is chosen equivariant. However, existence of J-holomorphic curves for 
a generic equivariant J will put certain restrictions on the fixed-point set of the 
action, as shown in the following example. 

Example 1.11 Let Z n act on a symplectic 4-manifold Y preserving the sym- 
plectic structure, and let Pi,P2 £ Y be two isolated fixed points. Suppose for 
any generic equivariant J, there exists a Z„-invariant, embedded J-holomorphic 
2-sphere C with C 2 = —2 such that pi,P2 £ C. We apply Lemma 1.10 to the 
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orbifold X = Y/Z n and J-holomorphic maps E = § 2 /Z„ — > X. Then Mj, which 
is a smooth manifold by Lemma 1.10, must have dimMj = 2d > at C/Z„. Here 
by the aforementioned formula for dimM,/, 

d=I Cl (TF).(7 + 2-i±^i-i±^-(3-2) = l-i±^i-i±^, 

71 71 71 71 71 

where < 7711,7712 < ti are the weights of the complex representations of Z n at 
P\,Pi in the direction normal to C. Note that d € Z, which implies that either 
mi + 7T&2 + 2 = 71 or 7711 + 7712 + 2 = 2ii. But the latter case, which implies 
mi = 7712 = 71 — 1, can be ruled out because d > 0. □ 

Note that a discussion concerning Lemma 1.10 and Example 1.11 where E is a 
general orbifold Riemann surface may be found in |TT] . 

Besides Lemma 1.10, there is another type of regularity criterion which is the 
orbifold version of Lemma 3.3.3 in jSEj. See Lemma 3.2 of JO]- Here the almost 
complex structure J is not necessarily generic. 

Lemma 1.12 Let f : E — » X be a J-holomorphic map from a reduced orb- 
ifold Riemann surface into a symplectic A-orbifold with only isolated singularities. 
Suppose for any z G E, the map f z in a local representative (f z ,Pz) of f at z 
is embedded. Then f is a smooth point in the space of J-holomorphic maps if 
ci(TE) • [E] > and a(TX) ■ /„([£]] |> 0. 

Finally we state an orbifold version of the Gromov compactness theorem. For 
simplicity, we assume that the orbifold Riemann surface E is reduced. 

Theorem 1.13 Let (X,w) be any compact closed symplectic orbifold, J be any 
to-compatible almost complex structure, and =/= A € H2(X;M). For any sequence 
f n : E — > X of J-holomorphic maps with (/„)*([E]) = A, there is a subsequence, 
reparametrized if necessary and still denoted by f n for simplicity, having the follow- 
ing significance: There are at most finitely many simple closed loops 71, • • • ,7; C E 
containing no orbifold points, and a nodal orbifold Riemann surface E' = U„£„ 
obtained by collapsing 7i,--- ,7/, and a J-holomorphic map f : E' — > X with 
/*([£]) = A G H 2 (X;R), such that 

(1) f n converges to f in C°° on any given compact subset in the complement of 
7i, • ' ' 

(2) if z v G £iy,z w G E w are two distinct points with orders m u ,m u respec- 
tively, such that z v ,Zu are the image of the same simple closed loop col- 
lapsed under E — > E' ; then m v = = m, and there exist local representa- 
tives {f v ,Pu), (U,Puj) of f at z u ,z u , which obey p v (fX m ) = P^(Mm) -1 (here 
Hm = exp(V^T^)), 

(3) if f is constant over E^, then either the underlying Riemann surface |E„| 
has nonzero genus, or £„ contains at least 3 special points where a special 
point is either an orbifold point inherited from E or the image of some 7,, 
i = 1, • • • , I, under E — > E'. 

Theorem 1.13 can be proved in the framework of |o] along the lines of Parker- 
Wolfson |j23 or Ye , particularly, with help of an orbifold version of Arzela- Ascoli 
Theorem. A version of Theorem 1.13 was proved in 1131 in an ad hoc manner without 
using the theory in [Hj. 

Theorem 1.14 (Orbifold Arzela- Ascoli Theorem, cf. 8 ) Let X,X' be 
any complete Riemannian orbifolds where X is compact (with or without boundary) . 
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For any sequence of C r maps from X to X' which have bounded C r norms, there 
is a subsequence which converges to a C r ~ 1 map in the C r ~ x topology. 

2 Adjunction and intersection formulae 

In this section, we explain the adjunction and intersection formulae for pseudo- 
holomorphic curves in an almost complex 4-orbifold, which were proved in and 
are the orbifold versions of the relevant results of Gromov ^2] and McDuff (H4I I35| . 

First of all, to set the stage we let (X, J) be a closed, reduced almost complex 
4-orbifold. A J-holomorphic curve C in X is a closed subset which is the image 
of a J-holomorphic map / : E — > X. One can always arrange that the following 
conditions hold. 

• The map / is not multiply covered, ie., the induced map is not multiply 
covered. 

• For all but at most finitely many regular points z £ £, the homomorphism p z 
in a local representative (f z , p z ) of / at z is an isomorphism. It is easily seen 
that with this assumption, the order ms of the isotropy groups at regular 
points of E depends on C only and equals the order of the isotropy group 
G p at a generic point p £ C '. We will denote this number by mc and call it 
the 'multiplicity' of C. 

Such a J-holomorphic map / is called a 'parametrization' of C. Note that E may 
not be reduced, in which case ms = mc > 1. See [5] for more details. 

Next we define an intersection product for any two J-holomorphic curves and 
a pairing between a class in H 2 (X; Q) and a J-holomorphic curve, cf. 0. 

Definition 2.1 (1) For any J-holomorphic curve C in X, the 'Poincare dual' 
of C is defined to be the class PD(C) G H 2 (X;Q) which is uniquely determined by 

PD(C) U a[X] = m^ap], Va € H 2 (X; Q), 

where [C] is the class of C in H2(X; Z). (Note: X and C are canonically oriented by 
J, and the cup product on H 2 (X; Q) is non- degenerate because X is a Q-homology 
manifold.) 

(2) The intersection number of two J-holomorphic curves C, C (not necessarily 
distinct) is defined to be 

C-C = PD(C) U PD(C')[X}. 

(3) The pairing of a class a € H 2 (X;Q) with a J-holomorphic curve C is 
defined to be 

a-C = aUPD(C)[X], Va E H 2 (X; Q). 

The point here is that the fundamental class of an orbifold should be counted 
only as a fraction of the fundamental class of the underlying space when the orbifold 
is not reduced (cf. Ej). Note that Definition 2.1 coincides with the usual 
definition when mc = mc 1 = 1, which is always the case when X has only isolated 
singularities. 

Now we digress on the local intersection number and local self-intersection 
number of pseudoholomorphic discs in C 2 . To this end, we recall the following local 
analytic property of pseudoholomorphic curves. Let D = {z\\z\ < 1} be the unit 
disc in C, and let / : (-D,0) — > (C 2 ,0) be a J-holomorphic map which is embedded 
on D \ {0}. Then for any sufficiently small e > 0, there is an almost complex 
structure J e and a J e -holomorphic immersion f e such that as e — ► 0, J e — ► J in C 1 
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topology and f e — > / in C 2 topology. Moreover, given any annuli {A < \z\ < 1} 
and {A' < \z\ < A} in D, one can arrange to have / = f e in {A < \z\ < 1} and to 
have J e = J except in a chosen neighborhood of the image of {A' < \z\ < A} under 
/ by letting e > sufficiently small. See O 0E| for more details. 

Definition 2.2 (See [MIES], and also 0) 

(1) Let C,C be any J -holomorphic discs in C 2 parametrized by f : (-D,0) — > 
(C 2 ,0), /' : (D,0) ->■ (C 2 ,0), sucft t/iat both /,/' are embedded on D\ {0}, 
and C, C" intersect at G C 2 cm/?/. TTien t/ie Zoca/ intersection number 
C ■ C is defined using the following recipe: perturb /, /' into J-holomorphic 
immersions f e ,f' e , then 

C ■ C = 2_j *0>*') 

{(*,*')IAW=#(*')} 

where t/ z>z i\ — 1 w/ien f e (z) — f^(z') is a transverse intersection, and 
tr z ,z') — n > 2 when f e {z) — f' e {z') has tangency of order n. 

(2) Let C be any J -holomorphic disc in C 2 parametrized by f : (D,0) — > (C 2 ,0) 
where f is embedded on D \ {0}. Then the local self-intersection number 
C ■ C is defined using the following recipe: perturb f into a J ^-holomorphic 
immersion f e) then 

cc= ^2 Hz,*']' 

{[z,z']\z^z'J,{z)=f e { Z ')} 

where [z, z'] denotes the unordered pair of z, z' , and where t\ z x r\ = 1 when 
f e {z) = fe(z') is a transverse intersection, and t\ Z)Z n = n > 2 when f e (z) — 
fe(z') has tangency of order n. 

We remark that: (1) the local intersection number C ■ C depends only on the 
germs of C,C at € C 2 , it is always positive, and C ■ C — 1 iff C, C are both 
embedded and intersect at € C 2 transversely, and (2) the local self-intersection 
number C ■ C depends only on the germ of C at € C 2 , and it is non-negative with 
C ■ C = iff C is embedded. 

Before stating the orbifold versions of the adjunction and intersection formulae, 
we first introduce the relevant notation involved in the statements. 

(1) Let C be a J-holomorphic curve parametrized by / : S — > X. For any 
z G E with p = f(z), let (f z ,Pz) be a local representative of / at z and (V P ,G P ) 
be the local uniformizing system at p. Recall that pseudoholomorphic curves (in 
manifolds) have only isolated singular points (cf. Since / is not multiply 

covered, it is easily seen that we may assume without loss of generality that f z is 
an embedding in V p \ {0}. (See |5] for more details.) With this understood, we 
introduce 

A(C) z = {Im(gof z )\geG p }, 

which is a set of J-holomorphic discs in V p C C 2 whose elements are naturally 
parametrized by the coset G p /Im p z . We call an element of A(C% a 'local repre- 
sentative' of C at z. (In connection with A(C) Z , observe that when p is an isolated 
singular point, (f z , p z ) can be interpreted geometrically as follows: set U p = V P J G p , 
then Im f z \ {0} is a connected component of the inverse image of C n U p \ {p} 
under the finite covering V p \ {0} — > U p \ {p}, and Im p z is the subgroup of deck 
transformations which leaves Im f z invariant.) 
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(2) For any J-holomorphic curve C in X, the 'virtual genus' of C is defined to 

be 

g(C) = l(C-C- Cl (TX)-C) + — . 
2 mc 

Here mc is the multiplicity of C, ie., the order of G p at a generic point p € C. 

(3) Let E be an orbifold Riemann surface whose orbifold points have orders mj, 
i = 1, • ■ • , k, and whose regular points have order ms, and let g^\ be the genus of 
the underlying Riemann surface. Then the 'orbifold genus' of E is defined to be 

k 1 1 

m s f—f 2m E 2m, 

Note that with this definition, ci(T£) • [E] = 2tt2^ — 2gj> (Here [E] is m^ 1 times 
the fundamental class of the underlying Riemann surface, see the remarks below 
Definition 2.1.) 

Now we state the adjunction and intersection formulae in 

Theorem 2.3 (Adjunction Formula) Let C be a J-holomorphic curve which 
is parametrized by f : E — > X . Then 

g(C)=gz+ k i z ,z'] + kz > 

{[z,z']\z=iz',f(z)=f(z')} zeT. 

where [z, z'\ denotes the unordered pair of z, z', and k\ ZiZ n, k z are defined as follows. 
• Let G\ z z n be the isotropy group at f(z) = f(z') and A(C) Z — {C z . a }, 
A(C%, = {C z ,, a ,}, then 



k[z ' z ' ] ~ igT^i S Cz ' a ■ c 



Let G z be the isotropy group at f(z) and A(C) Z = {C 2jQ ,}, then 



kz 2\G ZI 

(Note: the second sum J2 a a C z , a -C z ^ is over all a, (3 which are not necessarily 
distinct, so it is the same as the self-intersection (^ Q C z . a ) ■ {J2 a 

Theorem 2.4 (Intersection Formula) Let C, C 1 be distinct J-holomorphic 
curves parametrized by f : E — > X , f : £' — > X respectively. Then the intersection 
number 

C ■ C' = ^2 fyz,z') 

{(*,*')!/«=/'(*')} 

where k^ z z ^ is defined as follows. Let G( z z /) be the isotropy group at f{z) = f'(z') 
andA(cj z = {C Zta },A(C , ) z , = {C' a ,},'then 



(Note: the intersection formula is topological in nature in the sense that it can 
be established for more general oriented surfaces, singular or not, as long as the 
local intersection numbers C Zj0l ■ C' z , , can be properly defined.) 

Before we illustrate these formulae with examples, let's first make some obser- 
vations. 
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Remark 2.5 (1) The adjunction formula implies g(C) > gs, with g(C) = ,gs 
iff k\ zz n = and k z — 0. The geometric meaning of these conditions is that C 
is topologically embedded and at each singular point p = f(z), C has only one 
local representative which is embedded (particularly, Im p z = G z = G p ). This is 
equivalent to saying that C is a suborbifold. 

(2) In many cases Im p z ^ G p , for instance, when G p is non-abelian and p is 
isolated (hence Im p z is abelian). It is useful to observe that in this case, 

1 \G I 1 

k z > ( — 1) > , where m z is the order of the isotropy group at z. 

2m z m z 2m z 

Moreover, k z = 2^r(^T^ — 1) iff each local representative of C at z is embedded 
and any two different ones intersect transversely. 

(3) Assume X has only isolated singularities. Then a combination of the ad- 
junction and intersection formulae and the index formula may be used to extract 
information about the local structure of a J-holomorphic curve near a singular 
point. To be more precise, let {f z ,p z ) : (Z) z ,Z m2 ) — > (V p ,G p ) be a local represen- 
tative of / at z where p = f(z) € X is a singular point, and let < mi, m2 < m z 
such that the action of Im p z on V p is given by 



Pz(lhn t ) ■ (zi,z 2 ) = (p™ 1 z l7 p,™ 2 z 2 ), where p m = exp(V 3 l — )• 

m 

Then on the one hand, mi,m2 are constrained by the appearance in the index 
formula associated to the dimension of the moduli space of J-holomorphic curves 
(cf. the paragraph below Lemma 1.10), and on the other hand, mi, m 2 are related 
to fcr Z)Z '], k z , and ki ZfZ >) as follows: By assuming J integrable near the singular 
points (note: this does not effect Lemma 1.10), we may write f z (w) = (u(w),v(w)) 
for some holomorphic functions u(w) — aw l1 + ■ ■ ■ and v(w) = bw l2 + • • • , where 
U = mi (mod m z ), i = 1,2. As shown in Lemma 2.6 below, feuyi, k z , kt ZjZ >-\ can 
be estimated in terms of h,l 2 , hence in terms of mi, m 2 . □ 

Lemma 2.6 (1) Let C be a holomorphic disc in C 2 parametrized by f(z) = 
{a{z l1 + ■■■),z l2 ), which is embedded in C 2 \ {0}. Then the local self- 
intersection number satisfies C ■ C > — 1) (Z2 — 1)- 
(2) Let C, C' be distinct holomorphic discs in C 2 which are parametrized by 
f(z) = (a(z lt +■■■), z l2 ) and f'(z) = (a'(z l1 + ■■■),z l2 ) respectively, such 
that f, f are embedded in C 2 \ {0}. Then the local intersection number 
C ■ C' > min(^iZ2, hl'i)- Here l\ — 00 {resp. l[ = 00) if a = (resp. a' = 0). 

Lemma 2.6 is straightforward from the definition of local intersection and self- 
intersection numbers in Definition 2.2, cf. |M41 135) . 
We end this section with the following example. 

Example 2.7 Consider the weighted projective space P(di, d 2 , rf.3), which is 
the quotient of C 3 \ {0} under the C*-action 



Here we assume that d\,d 2 ,d^ are pairwise relatively prime and satisfy 1 < d\ < 
d 2 < g?3. Then P(di, d 2 , d^) is canonically a complex 4-orbifold, with three isolated 
singular points p% = [1 : : 0], pi = [0 : 1 : 0] and = [0 : : 1] of isotropy 
group Zrfj, Zd 2 an d respectively. Moreover, the set of orbifold complex line 
bundles over P(c£i, ^2,^3) is generated by the holomorphic orbifold line bundle Eq = 




z ■ (zi, z 2 ,z 3 ) = (z d ' Zl , z d2 z 2 , z d2 z 3 ), Vz e C* = C \ {0}. 
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(C 3 \{0}) Xc*C. We will say that an orbifold complex line bundle E (or the Poincare 
dual of Ci(-E)) has degree d if E = E® d . It is easy to check that the canonical bundle 
if has degree —(^1+^2 + ^3). Finally, we observe that ci(E ) -ci(E ) — (dic^e^) -1 . 

With the preceding understood, let's apply the adjunction formula to the holo- 
morphic curve C = {z\ = 0}, which has degree d\ and passes through p 2 ,P3- The 
virtual genus 

m - i(c- C+ c, m -a, +1 - I ( ^ + d*±|±*H )+1 . 

On the other hand, each singular point p 2 or P3 will contribute at least \ ~ 2ch or 
1 ~ 237 ^° ^ e ri^ht hand side of the adjunction formula. It follows easily that C is 
a suborbifold. 

Next we look at the family of holomorphic curves 

C A = {az^ + bzf 2 = 0}, where A = [a : b] E CP 1 with ab ^ 0. 

Each C\ has degree d 2 d% and passes through the singular point p\. To apply the 
adjunction formula to Ca, we first calculate 

(C ) = l M^ 2 _ (di+d2 + d*)d 2 d 3 = 1 _ J_ (d 2 -l)(d 3 -l) 

On the other hand, by Lemma 2.6 (1), the contribution k z at p\ is at least ( d 2-iKrf3-i) _ 
It follows easily that Ca is a 2-sphere with only one singularity p\ . 

Finally, we consider the intersection of Ca,Ca' where A ^ A'. First, observe 
that Ca, G\* intersect at p\ with local contribution fc( z , 2 ') of at least by Lemma 

2.6 (2). On the other hand, Ca ■ Cv = = The intersection formula 

implies that Ca n C\i = {pi}- 

All of the claims above can be easily verified directly. □ 



3 Seiberg-Witten theory and Taubes' theorems 

In this section, we first give a brief summary of the Seiberg-Witten theory for 
smooth 4-orbifolds, which is completely parallel to that for smooth 4-manifolds 
(see eg. @B1 02] for a nice introduction to Seiberg-Witten theory of smooth 4- 
manifolds). We then discuss the symplectic 4-orbifold analog of the theorems of 
Taubes in |441 146| concerning nonvanishing of the Seiberg-Witten invariant and 
the existence of certain pseudoholomorphic curves. At the end of this section, we 
present an example which combines various ingredients of the pseudoholomorphic 
curve theory and show the existence of a symplectic 2-sphere of degree d\ or —d\ in 
the weighted projective space P(di, d 2 , rf 3 ) in Example 2.7 for any given symplectic 
structure. 

All 4-orbifolds in this section are assumed to be reduced, closed and oriented. 
Let X be a 4-orbifold. We denote by bi(X) the dimension of H l (X;<Q), and by 
b 2 (X) the dimension of the maximal positive subspace for the cup product on 
H 2 (X;Q). 

Now let X be a smooth 4-orbifold. Given any Riemannian metric on X, a 
Spin c structure is an orbifold principal Spin c (A) bundle over X which descends 
to the orbifold principal 50(4) bundle of oriented orthonormal frames under the 
canonical homomorphism Spin c {A) — > 50(4). There arc two associated orbifold 
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U{2) vector bundles (of rank 2) S+,S- with det(S+) = det(S_), and a Clifford 
multiplication which maps T*X into the skew adjoint endomorphisms of 5 + ®S_. 

The Seiberg-Witten equations associated to the Spin c structure (if there is one) 
are equations for a pair (A, ip), where A is a connection on det(S+) and ip is a section 
of S + . Recall that the Levi-Civita connection together with A defines a covariant 
derivative Va on S+. On the other hand, there are two maps a : S + <£> T*X — ► 5_ 
and r : End(S + ) — > A + ® C induced by the Clifford multiplication, with the latter 
being the adjoint of c + : A + — ► End(S' + ), where A + is the orbifold bundle of 
self-dual 2-forms. With these understood, the Seiberg-Witten equations read 

D A ip = and P+F A = ^r(ip <g> ip*) + /i, 

where Da = u o V a is the Dirac operator, P + : A 2 T*X — > A + is the orthogonal 
projection, and /x is a fixed, imaginary valued, self-dual 2-form which is added in 
as a perturbation term. 

The Seiberg-Witten equations are invariant under the gauge transformations 
(A, ip) (A — 2<p>~ 1 d<p, (pip), where ip <E C co (X; S 1 ) are circle- valued smooth func- 
tions on X. The space of solutions modulo gauge equivalence, denoted by M, is 
compact, and when b^{X) > 1 and when it is nonempty, M is a smooth orientable 
manifold for a generic choice of (g, /u), where g is the Riemannian metric and /j, is 
the self-dual 2-form of perturbations. Furthermore, M contains no classes of re- 
ducible solutions (ie., those with ip = 0), and if we let M° be the space of solutions 
modulo the based gauge group, ie., those ip G C°°(X; S 1 ) such that <p(po) = 1 for a 
fixed base point p n e X, then M° — > M defines a principal 5' 1 -bundle. Let c be the 
first Chern class of M° — > M, d = dimM, and fix an orientation of M. Then the 
Seiberg-Witten invariant associated to the Spin c structure is defined as follows. 

• When d < or d = 2n + 1, the Seiberg-Witten invariant is zero. 

• When d = 0, the Seiberg-Witten invariant is a signed count of points in M. 

• When d = 2n > 0, the Seiberg-Witten invariant equals c n [M). 

As in the case of smooth 4-manifolds, the Seiberg-Witten invariant of X is well- 
defined when b^iX) > 2, depending only on the diffeomorphism class of X (as 
orbifolds). Moreover, there is an involution on the set of Spin c structures which 
preserves the Seiberg-Witten invariant up to a change of sign. When b^iX) = 1, 
there is a chamber structure and the Seiberg-Witten invariant also depends on the 
chamber which the pair (g, f£) is in. Moreover, the change of the Seiberg-Witten 
invariant when crossing a wall of the chambers can be similarly analyzed as in the 
smooth 4-manifold case. 

Above is a brief summary of the Seiberg-Witten theory for smooth 4-orbifolds. 
In the case of global quotient X = Y/G, it corresponds to the G-equivariant theory 
on Y. 

Now we focus on the case where X is a symplectic 4-orbifold. Let w be a 
symplcctic form on X. We orient X by u) A ui, and fix an w-compatible almost 
complex structure J. Then with respect to the associated Riemannian metric g — 

J-), lo is self-dual with \u\ — \f2. The set of Spin c structures on X is nonempty. 
In fact, the almost complex structure J gives rise to a canonical Spin c structure 
where the associated orbifold U(2) bundles are = KSK^, S°_ = T°^X. Here I is 
the trivial orbifold complex line bundle and K x is the canonical bundle det(T 1,n X). 
Moreover, the set of Spin c structures is canonically identified with the set of orbifold 
complex line bundles where each orbifold complex line bundle E corresponds to a 
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Spin c structure whose associated orbifold U (2) bundles are Sf = E © (K^ 1 eg) E) 
and SE — T° :1 X®E. The involution on the set of Spin c structures which preserves 
the Seiberg-Witten invariant up to a change of sign sends E to Kx <8 E . 

As in the manifold case, there is a canonical (up to gauge equivalence) connec- 
tion A on K^ 1 = det(S+ ) such that the fact du — implies that Da u = for 
the section uq = 1 of I which is considered as the section (uq, 0) in S+ = I © K% . 
Furthermore, by fixing such an Aq, any connection A on det(S'^') = Kx Cg> E 12 is 
canonically determined by a connection a on £\ With these understood, there is a 
distinguished family of the Seiberg-Witten equations on X, which is parametrized 
by a real number r > and is for a triple (a, a,/?), where in the equations, the 
section i/j of is written as ip = \A"( a > /?) an d the perturbation term /i is taken to 
be — v/^l(4 -1 rw) + P+Fa ■ (Here a is a section of E and /3 a section of K^ 1 ® E.) 
Note that when frJ(X) = 1, this distinguished family of Seiberg-Witten equations 
belongs to a specific chamber for the Seiberg-Witten invariant. This particular 
chamber will be referred to as the Taubes' chamber. Now consider 

Theorem 3.1 Let (X, uS) be a symplectic 4- orbifold. Then the following are 
true. 

(1) The Seiberg-Witten invariant (in the Taubes' chamber when b% (X) = 1) 
associated to the canonical Spin c structure equals ±1. In particular, the 
Seiberg-Witten invariant corresponding to the canonical bundle Kx equals 
±1 when b$(X) > 2. 

(2) Let E be an orbifold complex line bundle. Suppose there is an unbounded 
sequence of values for the parameter r such that the corresponding Seiberg- 
Witten equations have a solution (a, a,/3). Then for any to-compatible al- 
most complex structure J , there are J -holomorphic curves Ci, C2, * * * , Cfc in 
X and positive integers ni,ri2,--- , such that ci(E) = 53i=i TiiPD(Ci). 
Moreover, if a closed subset f2 C X is contained in a _1 (0) throughout, then 
fl C U^ =1 Ci also. 

(Here a J-holomorphic curve in X is as defined in the beginning of §2. For the 
definition of PD(C), the Poincare dual of C, see Definition 2.1.) 

Theorem 3.1 is the orbifold analog of the relevant theorems of Taubes in |44II46| . 
A proof of Theorem 3.1 can be found in |10| . 

Remark 3.2 (1) Here is a typical source for the closed subset fi in Theorem 
3.1. Suppose p S X is a singular point such that G p acts nontrivially on the fiber 
of E at p. Then p e a _1 (0) for any solution (a, a, f3), and consequently p S U^ =1 Ci. 
Now let's try this for the case where X = Y/Z n and E = Kx- It follows that if the 
space of Z„-equivariant self-dual harmonic 2-forms on Y has dimension > 2, then 
for any given Z„-equivariant J on Y, ci(Ky) — ^2 s n s PD(C' s ) for a finite set of 
J-holomorphic curves {C s } in Y, such that U S C S is Z„ -invariant, and contains any 
fixed point of Z ra at which the complex representation of Z„ on the tangent space 
has weights other than (1, n — 1). 

(2) Even though, as we remarked in (1) above, that the J-holomorphic curves 
{Ci} contain certain singular points of X, nothing can be said directly from the 
theorem about the local structure of these curves near the singular points. To obtain 
such information, one may use a combination of the adjunction and intersection 
formulae plus the index formula, cf. Remark 2.5 (3). Here we point out another 
tactic, which was used in |ll)j. Suppose the Seiberg-Witten invariant corresponding 
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to E is nonzero and the dimension of the corresponding Seiberg-Witten moduli 
space M is d = 2n > 0. Then the J-holomorphic curves {C{\ may be required to 
contain any given subset Q of less than or equal to n points in X. One may further 
combine this with the Gromov compactness theorem (cf. Theorem 1.13) by varying 
f2 to produce more desirable J-holomorphic curves. □ 

In light of Remark 3.2 (2), we give a formula for the dimension of the Seiberg- 
Witten moduli space. For simplicity, we assume X has only isolated singular points. 
For the general formula can be found in Appendix A of |1()| . 

Lemma 3.3 Suppose the symplectic 4-orbifold X has only isolated singular 
points pi, • • • ,pi. Then for any orbifold complex line bundle E, the dimension d(E) 
of the Seiberg- Witten moduli space corresponding to E is given by 

i 

d{E) = Cl {E) 2 - Cl (E) ■ Cl (K x ) 

i=l 

where Kx is the canonical bundle, and Ii can be determined from the singular point 
Pi as follows. Let p Pit E ■ G Pi —> C* be the complex representation of G pi on the 
fiber of E atpi, and p Pi ,j(g)> j — 1,2, be the eigenvalues of g £ G Pi associated to 
the complex representation of G Pi on the tangent space atpi. Then 

We illustrate the formula with the following example. 

Example 3.4 Let E be the orbifold complex line bundle of degree d\ over the 
weighted projective space P(di,d 2 , d 3 ) m Example 2.7. We will show that d(E) = 0. 
Let K be the canonical bundle. By Lemma 3.3, 

d{E) = Cl (E) 2 - a(E) ■ a(K) +h + h + h, 

where 1\ — 0, and with \i m = exp(V~l^-), 

_ 1 ^ 2(/# c -l) = 1_<^ 2(/i£* -1) 



We claim that 

, d 2 -l- 25 2 tt d 3 -l-2S 3 



where 5 2 , S 3 are uniquely determined by the conditions < S 2 < d 2 — 1, < *3 < 
d 3 — 1, and d\ — d 3 S 2 = (mod d 2 ), di — d 2 S 3 = (mod g^). Assuming validity of 
the claim, we have 

4 -d 1 (d 1 + d 2 + d 3 ) , d 2 - l-2<y 2 , d 3 - 1-2*3 



d\d 2 d 3 d\d 2 d 3 d 2 d 3 

2(rfi + d 2 d 3 - * 3 d 2 - *2ofe) 
d 2 d 3 

Observe that (1) 8 3 d 2 + 8 2 d 3 = d\ (mod d 2 d 3 ) and (2) d\ < S 3 d 2 + S 2 d 3 < 2d 2 d 3 , 
which implies that S 3 d 2 + S 2 d 3 — d\ + d 2 d 3 , and hence d{E) = 0. 
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It remains to verify the claim. We shall only check for I 2 , the case for I 3 is 
completely parallel. Introduce 

dz — 1 ,,d\x 

p (t ) = y ^ . 

:c— 1 ^ «2 

Then by putting cp(t) into power series of t, we have 

d 2 — l oo 

OO C?2 — 1 

i=o cc=l 

OO oo- 

= (t-l)- 1 + d 2 t 5a (l-t <,2 )- 1 ) 

which gives ^(1) = \{d 2 -l)-5 2 . Now it follows easily that I 2 = ^¥>(1) = d2 ^ 2(52 . 

2 □ 

We end this section by illustrating how the various ingredients are put into use 
with the following example. 

Example 3.5 We consider the 4-orbifold X = F(di,d 2 , d 3 ), the weighted pro- 
jective space in Example 2.7. Let lo be any symplectic structure which evaluates 
positively on a homology class in H 2 (X; Q) of positive degree. 

Claim 1: For any ui- compatible J, there exists a unique J -holomorphic 2- 
sphere of degree d\ , which is an embedded suborbifold containing the singular points 
p 2 ,P3 but not pi. 

The basic idea of the proof goes as follows. Let E\ be the orbifold complex 
line bundle of degree d\. As in the smooth case, one can show that the Seiberg- 
Witten invariant corresponding to E\ is nonzero in the Taubes' chamber, hence by 
Theorem 3.1, there exists a finite set of J-holomorphic curves {C a } such that 

Ci(Ei) = 2^ n a PD(C a ) for some integers n a > 0. 

a 

We need to show that {C Q } consists of only one element of degree d\, from which 
Claim 1 follows easily with an application of the adjunction formula. It is fairly easy 
to show that {C a } contains no more than two elements, but it is harder to show 
that the single element has degree d\. The point is that the smaller the degree is, 
the larger the virtual genus is, and the worse the situation is. The key observation 
here is that, on the other hand, the more singular points the J-holomorphic curve 
contains, the larger the right hand side of the adjunction formula is, and the better 
the situation is. For this reason, we need to consider simultaneously the orbifold 
complex line bundle E 2 of degree d 2 . 

Now the details of the proof. Let K u be the canonical bundle of (X, w). We will 
first show that K w has degree — {d\ +d 2 +d 3 ). To see this, note that if e(X),pi(X) 
denote the Euler class and the first Pontryagin class of X, then 

Cl {K u f = 2e(X) + Pl (X) = Cl {Kf, 
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where K is the canonical bundle for the standard complex orbifold structure on X, 
which has degree — {d± + d 2 + d 3 ). It is clear that degK^ = —(d% + d 2 + d 3 ) if we 
show that degK^ < 0, which follows from c\{K^) ■ [cu] < because [oj] ■ c\{E{) > 
by the assumption on u>. To see c\(KJ) ■ [u>] < 0, note that b\(X) = and 
&2 (X) — b 2 (X) = 1, so that in this case the chamber structure for the Seiberg- 
Witten invariants is very simple: there are only two chambers, the 0-chamber 
and the Taubes' chamber. The Seiberg-Witten invariant of the canonical Spin c 
structure in the Taubes' chamber is nonzero by Theorem 3.1, while the invariant is 
zero in the 0-chamber because X has a metric of positive scalar curvature (cf. 
Thus the wall-crossing number is nonzero, which implies that C\(KJ) ■ [u>] < 0. 

Next we claim that the Seiberg-Witten invariants corresponding to E\ , E 2 are 
nonzero in the Taubes' chamber. To see this, note that by the calculation in 
Example 3.4, the dimension d{E\) of the Seiberg-Witten moduli space is zero. A 
similar calculation shows that d(E 2 ) > 0. It is easily seen that the claim follows 
from a wall-crossing argument by observing that ci(£^) • [to] > 0, i = 1, 2, and that 
X has a metric of positive scalar curvature. 

Now by Theorem 3.1, there exist finite sets of J-holomorphic curves {C a }, 
{Cp} such that 

c\{Ei) = ^ n a PD(C a ), ci(E 2 ) = npPD(Cp) for some integers n a ,np > 0. 

a p 

Moreover, it is easily seen that at p 2 ,P3, the isotropy groups G P2 , G P3 act non- 
trivially on the fiber of E\, hence p 2 ,P3 € Uq,C q (cf. Remark 3.2 (1)). Similarly, 
Pi,p 3 € UpCp. 

Before we proceed further, let's make the following observation. 

Claim 2: The degree of a J-holomorphic curve in X = P(di, d 2 , d 3 ) is always 
integral. 

Assuming the validity of Claim 2, we first consider the case where there are 
Ci € {C Q }, C 2 e {Cp} such that C\ ^ C 2 . Observe that C\ n C 2 ^ 0, because 
otherwise, C\ ■ C 2 — which contradicts b 2 (X) = 1. Pick any point p £ C\ n C 2 , 
and set n = degC;, i = 1,2. Then by the intersection formula, 

nr2 =c 1 -c 2 > T ±> 1 



did 2 d 3 \G P \ d 3 

which implies that rir 2 > d\d 2 . But < di, i = 1,2, so that n = d\, r 2 = d 2 . 
Now it is clear that in this case, {C a } consists of only C\ with degCi = di, which 
contains both p 2 ,p 3 . By the adjunction formula, C± is a 2-sphere embedded as a 
suborbifold in X (see Example 2.7). Moreover, C\ does not contain the singular 
point p\. Hence Claim 1 is proved in this case except for the uniqueness. To sec 
the uniqueness, suppose there is a C[ such that degC( = d\ and C[ ^ C\. Then 
similarly we have C\ fl C[ ^ 0, and 

4 r r > i 

, , , — Gi ■ O x > — , 
d\d 2 d 3 d 3 

which contradicts c?i < d 2 . Hence the uniqueness. 

There is still another possibility that both {C Q }, {Cp} consist of the same, 
single J-holomorphic curve Cq. But this possibility can be ruled out as follows. 

Suppose both {C Q }, {C^} consist of Cq- Then Co contains all three singular 
points pi , p 2 and p 3 . Moreover, deg Co € Z by Claim 2 , which implies that deg Cq = 
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1 because degCo is a common divisor of di,d 2 . Let Co be parametrized by a J- 
holomorphic map / : S — ► X. Since pi,p 2 ,pz € Co, there are Zx,zs,Z3 €E £ such 
that /(zi) = pi, f{z2) = P2 and f{z 3 ) — p%. Let mi, m 2 , TO3 be the order of zi, Z2, 23 
respectively. 

First, we observe that if rrii < di where i — 1,2 or 3, then the following 
inequality holds for the contribution k Zi on the right hand side of the adjunction 
formula: 

kzi > 1 ( A_i)A> J_ 

2di mi rrii 2rrii 
Second, we introduce the expression 

7^2( ff (Co)-l) + j- + 1 + 1. 

dl «2 « 3 

Then deg Co = 1 implies that 

J= 1 { (d 2 + d 3 -l)(di-l) 
rfi did 2 d 3 

It follows easily from the adjunction formula that I > 1, which implies that 

1 di + d 3 - 1 

>I> 1. 



di d 2 ^3 

But this contradicts the assumption that di > 1 and di,d 2 , d 3 are pairwise relatively 
prime. Hence the second possibility is ruled out. 

It remains to verify Claim 2, which is a consequence of the adjunction formula. 
More precisely, let C be a J-holomorphic curve and let r = deg C £ Q. Then the 
virtual genus 

!n s r 2 - (da +d 2 + d 3 )r 
2d 1 d 2 d 3 

On the other hand, suppose C is parametrized by a J-holomorphic map / : £ — » X 
with orbifold genus gs = + 53i=i(i ~ 2m - )' wnere TO « are the orders of the 
orbifold points on S. Then each rrii is a divisor of either d±,d 2 or (£3 . It is easily 
seen from the adjunction formula that r 2 — (di + d 2 + c^r £ Z, which implies that 
r = deg C e Z. 

This completes the proof of Claim 1. 

Let C be the J-holomorphic 2-sphere in Claim 1. It is interesting to compare 
C with the standard 2-sphere Co = {zi = 0}. In this regard, we have 

Claim 3: (X, C) and (X, Co) are diffeomorphic as orbifold pairs. 

To see this, we first note that C and Co have isomorphic normal bundles hence 
have diffeomorphic regular neighborhoods in X. This is because the bundles have 
the same Euler number (which is C • C = Co • Co = hence the same Seifert 

invariant, due to the fact that d 2 , d% are relatively prime. Secondly, the complements 
of the regular neighborhoods are also diffeomorphic, ie., C is not knotted in X. This 
follows by observing that the complement W of a regular neighborhood of CU{pi} is 
a symplectic Z-homology cobordism between lens spaces (with a canonical contact 
structure on the boundary, see §4.1 below for more details). By the main result in 
III], W is smoothly a product, which shows that C is unknotted. □ 
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4 Some applications 

This section is devoted to applications (or potential ones) of the pseudoholo- 
morphic curve theory for symplectic 4-orbifolds. More concretely, we will discuss 
some questions concerning the following subjects where symplectic 4-orbifolds are 
naturally involved: (1) smooth s-cobordisms of elliptic 3-manifolds, (2) symplectic 
finite group actions on 4-manifolds, (3) symplectic circle actions on 6-manifolds 2 , 
(4) algebraic surfaces with isolated quotient singularities. 

4.1 Smooth s-cobordisms of elliptic 3-manifolds. An elliptic 3-manifold 
is the quotient of S 3 C R 4 under a free action of some finite subgroup of 50(4). An 
s-cobordism of elliptic 3-manifolds is a 4-manifold with boundary the disjoint union 
of two elliptic 3-manifolds such that the inclusion of each boundary component is 
a homotopy equivalence. (Note that in the present case the Whitehead torsion 
vanishes, and the two boundary components are homeomorphic, cf. |29|.) An s- 
cobordism is called trivial if it is the product of an elliptic 3-manifold with the 
closed interval [0, 1]. 

It has been a longstanding open question as whether there exist exotic smooth 
structures on a trivial s-cobordism of elliptic 3-manifolds (cf. 0), or whether 
any of the nontrivial topological s-cobordisms in OEHj is smoothable. In a 
"geometrization" program was proposed to tackle these questions. At the center of 
the program is the following conjecture. 

Conjecture 4.1 A smooth s-cobordism of elliptic 3-manifolds is smoothly triv- 
ial iff its universal cover is smoothly trivial. 

The first step in the geometrization program, which was undertaken in |10| . 
is to prove the triviality of a smooth s-cobordism of elliptic 3-manifolds under the 
assumption of existence of a certain symplectic structure on the s-cobordism. More 
precisely, given any s-cobordism of elliptic 3-manifolds, which is clearly orientablc, 
one can fix an orientation and identify each of the two boundary components with 
§ 3 /G C C 2 /G for some finite subgroup G C U(2) by an orientation-preserving 
diffeomorphism (cf. JOI)- Let loo be the canonical symplectic structure on C 2 /G, 
which is the descendant of \f— l{dz\ A dzi + dz2 A dz2) on C 2 . 

Theorem 4.2 (See |10p An s-cobordism of elliptic 3-manifolds is smoothly 
trivial if it has a symplectic structure which equals a positive multiple of loq in a 
neighborhood of each boundary component. 

(The case of lens space was treated in 9 , where it was actually shown that a 
Z-homology cobordism having such a symplectic structure is smoothly trivial.) 

The second step in the geometrization program is to show that a smooth 
s-cobordism of elliptic 3-manifolds must be symplectic if its universal cover is 
smoothly trivial. It was explained in |10j that this can be reduced to a special case 
of the problem of constructing symplectic forms from generic self-dual harmonic 
ones discussed in Taubes 07]. To be more precise, it was shown in 10 that given 
any s-cobordism with each boundary component identified with S 3 /G C C 2 /G for 
some G C U(2), there exists a self-dual harmonic 2-form which has regular zeroes 
and equals a positive multiple of loq in a neighborhood of each boundary compo- 
nent. It is easily seen that when the universal cover is smoothly trivial, one can 



2 I am grateful to Dusa McDuff for communicating this problem to me. 
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compactify the universal cover into CP 2 , and reduce the existence of a symplectic 
structure on the s-cobordism to the following problem, cf. 

Problem 4.3 Let G be a finite group acting smoothly on CP 2 which has an 
isolated fixed point p and an invariant embedded 2- sphere S disjoint from p, such 
that S is symplectic with respect to the Kdhler structure ujq and generates the second 
homology. Suppose to is a G-equivariant, self-dual harmonic form which vanishes 
transversely in the complement of S and p. Modify u> in the sense of Taubes |47| . 
away from S and p, to construct a G-equivariant symplectic form on CP 2 . 

Recall that Taubes' program in is based on the following two facts: (1) on an 
oriented 4-manifold with b\ > 1, a self-dual harmonic 2-form has only regular zeroes 
for a generic metric, which is a union of embedded circles, (2) if the Seiberg-Witten 
invariant is nonzero, there are pseudoholomorphic subvarieties in the complement 
of the zero set, which homologically bound the zero set. Taubes in 47 asked 
under what conditions one can modify the self-dual 2-form in a neighborhood of 
the pseudoholomorphic subvarieties to construct a symplectic form. As explained in 
|47| . when the 4-manifold is S 1 x M 3 and the self-dual 2-form is S' 1 -equivariant, the 
problem is equivalent to cancellation of all critical points of a circle-valued Morse 
function on M 3 to make a fibration over S 1 . 

Although Taubes has since written a number of foundational papers on this 
subject (cf. gHl EH 0231 EH 021 EH, see also Gay-Kirby fl7| and Auroux-Donaldson- 
Katzarkov the problem still remains largely open. However, if successful, it 
would provide a very interesting alternative way of constructing symplectic struc- 
tures on 4-manifolds, which is somewhat more abstract compared with the existing 
methods of symplectic sum and Stein surface construction (cf. Wc 
hope that Conjecture 4.1 and Problem 4.3 may serve as a testing ground for Taubes' 
problem as well. 

In connection with the last remark above, we mention the Cappell-Shaneson's s- 
cobordism Wcs- Akbulut in showed that the universal cover of Wcs is smoothly 
trivial. Thus it would be very interesting to determine by direct means (such as in 
[2]) as whether Wcs or any of its two finite covers (other than the universal cover) 
is smoothly exotic. 

A few words about the proof of Theorem 4.2. The case where the elliptic 3- 
manifold is § 3 /G with G nonabelian is more involved, and its proof requires the 
full power of the pseudoholomorphic curve theory. However, the basic idea of the 
proof can be simply described as follows. Let W be a symplectic s-cobordism of 
§ 3 /G where G is nonabelian. We compactify W into a symplectic 4-orbifold X such 
that the concave end of W is coned off and the convex end is collapsed into a 2- 
orbifold along the fibers of the Seifert fibration. Then X is homotopy equivalent to 
Xo, where Xq stands for B 4 /G with boundary collapsed along the Seifert fibration. 
It is shown that X and Xq are actually diffeomorphic by recovering X from the 
moduli space of pseudoholomorphic curves in X which corresponds to the family of 
complex lines in B 4 /G. It follows easily from X = Xo that W is smoothly trivial. 

4.2 Symplectic finite group actions on 4-manifolds. Let Y be a sym- 
plectic 4-manifold and G be a finite group acting on Y symplectically. Then the 
quotient space Y/G is a symplectic 4-orbifold, and the pseudoholomorphic curve 
theory, when applied to Y/G, may help extract information about the action of 
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G on Y . The basic idea is that Taubes' existence theorem will give a set of J- 
holomorphic curves in Y which is invariant under the group action, so that one 
may read off information about the group action on the 4-manifold Y (particularly 
the fixed-point data) from the induced action on the 2-dimensional subset. 

One of the themes of symplectic topology is the comparison between symplectic 
manifolds and Kahler manifolds. Extending to group actions, it is natural to com- 
pare symplectic group actions on symplectic manifolds with holomorphic actions 
on Kahler manifolds. 

It is known that holomorphic actions on compact Kahler surfaces are rigid in 
some aspects. For example, it was shown in 00] (compare also [38]) that for a large 
class of compact Kahler surfaces, a holomorphic action must be trivial if it induces 
identity on the cohomology ring. (To the contrary, it was demonstrated in |14j that 
topological actions are extremely flexible in this regard.) A study of homological 
rigidity of symplectic finite group actions on 4-manifolds was initiated in |12) . 

For another rigidity phenomenon of holomorphic actions, we mention a theo- 
rem of Gang Xiao 56 which generalizes a classical result of Hurwitz on Riemann 
surfaces. Xiao's theorem says that the order of automorphism group of a minimal 
algebraic surface of general type is bounded by a multiple of the Chern number c\ . 
It would be an interesting question as whether Xiao's theorem has any symplectic 
analog. 

Finally, we remark that a particular advantage of pseudoholomorphic curves 
over the holomorphic ones is that the almost complex structure J may be chosen 
generic. For an application of this aspect to automorphisms of Kahler surfaces (in 
connection with Lemma 1.10 and Example 1.11), see the recent preprint 11 . 



4.3 Symplectic circle actions on 6-manifolds. It was shown in [33] that to 
each symplectic S 1 -action on a closed symplectic manifold (X, u), one can associate 
a generalized moment map /i : X — > § , which is defined (up to a constant) by the 
equation •) = d/i, where £ = the vector field generating the § 1 -action. More- 
over, one can analyze the § 1 -action by looking at the reduced spaces ^i~ 1 (X)/S 1 , 
A e S 1 , which are symplectic orbifolds in general for regular values of /i. Particu- 
larly, the S^-action is Hamiltonian if /i is not onto. When X is 6-dimensional, the 
reduced spaces /j, _1 (A)/§ 1 are symplectic 4-orbifolds for regular values A, so the 
pseudoholomorphic curve theory may be applied in this situation. 

An Hamiltonian S^action must have fixed points, which correspond to the 
critical points of the moment map. A natural question is whether the converse is 
true. It is known to be true for Kahler manifolds (cf. |15p. 

The first counterexample was given by McDuff in where the author con- 
structed a 6-dimensional closed symplectic manifold with a non-Hamiltonian S 1 - 
action which is not fixed-point free. In the same paper, it was also proved that 
an § 1 -action on a symplectic 4-manifold is Hamiltonian iff it has fixed points. The 
method of the proof is to show that the generalized moment map is not onto, which 
can be verified by analyzing the change of the reduced spaces when crossing a 
critical value of the generalized moment map. In general, the problem boils down 
to finding an effective invariant which can tell the change of the reduced spaces. 
In dimension 6, it would be interesting to see if there is any version of Gromov 
invariants of symplectic 4-orbifolds that can be used to detect the change. 
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In the aforementioned counterexample of McDuff, the fixed-point set is a union 
of tori. It is a conceivable conjecture that an S^action is Hamiltonian if its fixed- 
point set is nonempty and isolated. So far the conjecture has only been verified for 
semi- free actions (cf. |55|). 

4.4 Algebraic surfaces with isolated quotient singularities. Let (X,u>) 
be a symplectic 4-orbifold with (X) > 2. By the orbifold version of Taubes' 
theorem (cf. Theorem 3.1 in §3), the canonical class of X is represented by a 
set of J-holomorphic curves for any given w-compatible J. Moreover, a singular 
point p £ X is contained in these J-holomorphic curves as long as the complex 
representation of the isotropy group G p on the tangent space is not contained in 
SL2(C) (cf. Remark 3.2 (1)). Thus the pseudoholomorphic curve theory may be 
used to extract global restrictions on these singular points of X. 

An interesting class of symplectic 4-orbifolds is provided by algebraic surfaces 
with isolated quotient singularities. Indeed, one can adopt the method in [35] of 
symplectic gluing along contact hypersurfaces to show that an algebraic surface 
X with isolated quotient singularities has a natural orbifold symplectic structure 
such that the corresponding canonical class is the same as that of X as a complex 
4-orbifold. Note that in this case, singularities p S X with G p not contained in 
6X2 (C) are precisely the non-Du Val singularities. 

Algebraic surfaces with isolated quotient singularities form a very natural class 
of singular spaces. (For a recent survey on this subject, see [23 •) I n fact, quotient 
singularities in dimension 2 are nothing but the log terminal singularities, and 
the set of algebraic surfaces with isolated quotient singularities form the smallest 
category containing nonsingular surfaces, which is closed under the log minimal 
model program (cf. |30| ) . 
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